Equations of the form (1) sometimes arise, t however, for which the conditions of Evans's theorem are not satisfied. Various cases in which this is true are considered in the present paper. In each instance an attempt is made not merely to prove the existence of a continuous solution, but also to determine its behavior for large values of x.
The independent variables ar and t will be restricted to real values. Functions of the single variable x will be considered for values of ar lying either on the range 7 x == a or on the range 7ft a Si ar Si b, where b is arbitrary; functions of the two variables x, t will be considered for values of x and t in the domain T x s a, í ^ x.
For brevity we shall speak of these three regions as the interval 7, the interval It, and the region T respectively. The functions/(x) and K(x, t) are assumed throughout to be continuous in 7 and in T respectively.
2. Theorem 1. If the integral f K(x,t)f(t)\dt converges in I, converges uniformly in lb, and has in I the property that (2) r\K(x,t)f(t)\dt<d\f(x)\ (0<e<l), Jx where 6 is a constant independent of x, then equation (1) has in I a continuous solution 4>(x) expressible in the form
where p ( x ) is a continuous function such that \p(x)\<i/(i-e).
The method of iteration,* when applied to the equation (1), leads to consideration of the series 00 (4) <j>(x) =Hun(x), n=0 where voix) =/(x),
We shall first show by mathematical induction that, in I, Un(x) is continuous and satisfies the inequality where p/ has any value greater than p., and x lies in 7&. Now
by (5) and (6). But this last relation establishes the uniform convergence of Un (ar) in 7ft, and hence its continuity at all points in 7, since an interval 7j can always be found so as to include any preassigned point in 7. Further, \un(x)\^f"\K(x,t)un-i(t)\dt Si 0""1 jH 17T ( ar, 0/(*)|dí <0n|/(ar)|, by (2).
To complete the proof by induction we need only note that our assumption regarding n"_i ( x ) is justified, by hypothesis, for n = 1.
As a consequence of (5), we have (7) ]£\Un(x)\<^-\f(x)\, n=0 1 -(7 so that the series S"=™ nn(ar) is absolutely convergent in 7, and 0(ar) as given by (4) 
•Ja n=0 »=0 t/a provided that the integral
converges. For, if we take a = x, x = t, F(t) = K(x, t), fn(t) = un(t), it is only necessary to show that the integral <p(x) converges.
But this follows at once from (7) and (2).
Upon performing the term-by-term integration mentioned above, we obtain the equation Jf»00 00
which shows that 0 (x) as given by (4) is a solution of (1). From (7) it appears at once that we may write 0 (x) in the form (3). The function /(x) cannot vanish in 7, by (2), so that p(x) is continuous. This completes the proof of the theorem.
That the solution thus obtained is not necessarily the only continuous solution* appears from the following example. The hypotheses of the theorem are evidently satisfied by the equation Our theorem may be used to determine 0 (ar) for x is a', after which fi(x) becomes a known function, and (8) To prove the theorem, consider again the series (4). We note first that un ( x ) is continuous in 7 and satisfies the inequality (12) \un(x)\<en~1h(x) (»-1,2,...).
For, if we assume that n"_i ( x ) has these properties, the same will be true for un (x ), by argument similar to that of § 2. But the assumption holds for
Vi ( x ), by hypothesis.
It follows from (12) that the series (4) converges absolutely in 7 and uniformly in lb • By making obvious modifications in the argument of § 2, we see that 0(x) as given by (4) It results from (13) and (14) Let us write (X \K(x,t)f(t)\dt= f \K(x,t)f(t)\dt+ f \K(x,t)f(t)\dt.
The test applies at once to the integral last written if we take
where N is the maximum value of |/(x) \ in lb. Thus the conditions of Theorem 1 are satisfied in the present case, and by that theorem there exists a continuous solution of (1) The desired result follows as in § 4.
To prove the corollary, take h ( x ) = 1. 6. Application. The foregoing results may be used in a variety of ways to discuss particular equations of the form (1). The following may be mentioned as a typical application:
Let p(x), q(x), and r( Thus the hypotheses of Theorem 4 are satisfied, and equation (1) Thus 0 ( x ) has an asymptotic expansion coinciding with that of / ( x ), which was to be proved. It is believed that the present theorems may prove useful in the study of certain problems in the theory of linear differential equations.
(The writer hopes to consider applications of this type in a later paper.) University of Michigan.
